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An analytical model is provided for the peeling of a tape from a surface to which it adheres through cohe-
sive tractions. The tape is considered to be a membrane without bending stiffness and is initially attached
everywhere to a ﬂat rigid surface. The tape is assumed to deform in plane strain, and ﬁnite deformations
in the form of elastic strains are accounted for. The cohesive tractions are taken to be uniform when the
tape is within a critical interaction distance from the substrate and then to fall immediately to zero once
this critical interaction distance is exceeded. When the distance between the tape and the substrate is
zero, repulsive and attractive tractions balance to zero; in this segment, sliding of the tape relative to
the substrate is forbidden when we pull the tape up somewhere in the middle, though we permit such
sliding when the tape is peeled from one end. In the cohesive zone and where the tape is detached,
the interaction of the tape with the substrate is frictionless. Results are given for the force to peel a
neo-Hookean tape at any angle up to vertical when one end of it is pulled away from the substrate, as
well as for scenarios when the tape is lifted somewhere in the middle to form a V shape being pulled
away from the substrate.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Detachment of thin, ﬂexible ﬁlms by peeling is a ubiquitous
phenomenon of practical importance to a wide range of problems.
Examples include the reliability of coatings (Bainbridge et al.,
1982; Ghosh et al., 1998; Kurzweg et al., 1998), adhesive tapes
used to ﬁx objects in place (Gent and Kaang, 1986; Williams and
Kauzlarich, 2005; Sun et al., 2013), the transfer of graphene sheets
from one surface to another (Lu and Dunn, 2010), and the ability of
plants and animals to cling to surfaces e.g., ivy (Melzer et al., 2010),
geckos (Pesika et al., 2007; Cheng et al., 2012; Sauer, 2011) and
mussels (Waite et al., 2005).
The motivation for the present study is provided by the latter
applications, which involve the peeling of compliant, elastic ﬁlms
and relatively weak interface bonding (e.g., van der Waals forces),
which allows for sliding in the attached region of the ﬁlm. As is
well known, weak bonding does not necessarily imply lowdetachment forces, since the latter can be strongly inﬂuenced
by dissipative processes in the detachment process zone (e.g.,
friction). Moreover, these applications often involve peeling from
a fully attached state wherein the entire ﬁlm is adhered
(as opposed to the application of force to an already detached
end of the ﬁlm).
Though peeling has been extensively studied (Gent and Kaang,
1986; Williams and Kauzlarich, 2005; Pesika et al., 2007; Cheng
et al., 2012; Sauer, 2011; Kendall, 1971,1975; Kim and Aravas,
1988; Kim and Kim, 1988; Kim et al., 1989; Wei and Hutchinson,
1998; Rahulkumar et al., 2000; Yang et al., 2000; Georgiou et al.,
2003; Plaut and Ritchie, 2004; Thouless and Yang, 2008;
Thouless and Jensen, 1992; Begley et al., 2013; Kinloch et al.,
1994; Kroner et al., 2011; Williams and Hadavinia, 2002; Wan
and Julien, 2009; Molinari and Ravichandran, 2008), the system
properties described above require a combination of behaviors
not previously considered: the analysis must account for large
elastic deformations, the possibility of sliding in the attached
region prior to detachment, and the possibility of detachment from
a fully adhered state (as opposed to a tape that already has a
detached segment at one end). The ﬁrst of these two behaviors
Nomenclature
Latin
B point on the tape at the open end of the cohesive zone
before peeling commenced
E Young’s modulus of the tape
F applied force
G energy released per unit area of tape peeled
L position where the apex of the Vwas originally attached
N axial tension in the tape
T cohesive tractions (that depend on the distance be-
tween the tape and the substrate)
X position in the tape before it is lifted off the substrate
b current position of the open end of cohesive zone
h cross-sectional height dimension of the unstressed tape
s arc length (along the deformed tape)
t 1st Piola–Kirchhoff stress
w cross-sectional width dimension of the unstressed tape
x deformed position of the tape on the abscissa
y distance between the deformed tape and the substrate
Greek
C adhesion energy per unit area of the undeformed tape
D distance from the substrate to the apex of the V
K axial stretch ratio for the attached tape
R nominal cohesive traction, giving a force per unit area of
the undeformed tape
d critical interaction distance
h angle between the tape and a line parallel to the sub-
strate surface
k axial stretch ratio of the deformed tape
n variable of integration
rH Lagrange multiplier
w energy per unit volume stored in the tape due to defor-
mation
Subscripts
A attached tape segment
D completely detached tape segment
e end of the tape
i = 1, 2, 3 principal axes
o original position
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(Begley et al., 2013), and produces very different predictions for
detachment forces than classical models of peeling that assume
pure sticking at the interface (Kendall, 1971, 1975).
In this previous model for detachment with sliding (Begley
et al., 2013), the work done in frictional sliding is explicitly
modeled and the adhesion energy controlling detachment is the
purely normal work of separation. The model predicts that the
force required for peeling rises without limit as the angle between
the applied force and the substrate decreases, a consequence of the
fact that lateral sliding prior to detachment is permitted and yet is
not factored into the energy released by peeling.
An alternative approach, exempliﬁed in mixed-mode delamina-
tion models (Thouless and Yang, 2008; Thouless and Jensen, 1992;
Hutchinson and Suo, 1992; Li et al., 2004), is to empirically account
for the dissipated energy in the detachment process zone by invok-
ing an adhesion energy that depends on the relative amounts of
sliding and normal separation in the process zone (or mode-mix-
ity). The two approaches can be brought into coincidence by
deﬁning a mixed-mode adhesion energy such that the peel force
predicted via pure sticking (Kendall, 1971, 1975) is equivalent to
the sliding model. Put another way, the sliding model (Begley
et al., 2013) creates the opportunity to predict mode-dependent
adhesion energy; this exercise yields a predicted mixed-mode
adhesion energy that is quite similar to empirical forms typically
adopted for use with pure sticking peeling models.
Since the previous treatment of peeling with sliding utilizes
adhesion energy as a single parameter controlling detachment, it
cannot be used to predict detachment of a fully adhered ﬁlm.
Detachment in this scenario is triggered by displacements reaching
the critical value required for separation. Hence, predicting
detachment of a fully adhered ﬁlm requires explicit reference to
the traction-displacement cohesive law controlling adhesion. In
this work, we assume a Dugdale-type (Dugdale, 1960) cohesive
law for normal separations, and, in the single-sided peel case,
explicitly allow for sliding with a constant sliding stress. In
contrast to previous cohesive models, we do not assume that
detachment can be driven by lateral sliding. Thus, the current anal-
ysis is unique in the following respects: (i) it allows for large elastic
deformation, (ii) it assumes detachment occurs only by normal
separation, (iii) in the single-sided peel case it allows for frictionalsliding in the attached region of the ﬁlm, and (iv) it invokes a two
parameter cohesive law, as is required to predict detachment from
a fully-adhered state.
While this combination of features has not been previously con-
sidered, in one form or another the individual features have been
included in prior treatments (Kim and Aravas, 1988; Kim and
Kim, 1988; Kim et al., 1989; Wei and Hutchinson, 1998;
Rahulkumar et al., 2000; Yang et al., 2000; Georgiou et al., 2003;
Plaut and Ritchie, 2004; Thouless and Yang, 2008; Thouless and
Jensen, 1992; Begley et al., 2013; Kinloch et al., 1994; Kroner
et al., 2011; Williams and Hadavinia, 2002; Wan and Julien,
2009; Molinari and Ravichandran, 2008) and provide signiﬁcant
insight regarding the mechanics of peeling. This work includes
treatments of large elastic–plastic deformations (Kim and Aravas,
1988; Kim and Kim, 1988; Kim et al., 1989; Wei and Hutchinson,
1998; Rahulkumar et al., 2000; Yang et al., 2000; Kinloch et al.,
1994), mode-mixity effects for interfaces with pure sticking
(Thouless and Yang, 2008; Thouless and Jensen, 1992), the impact
of cohesive properties on peeling from a detached end
(Rahulkumar et al., 2000; Georgiou et al., 2003; Plaut and Ritchie,
2004; Williams and Hadavinia, 2002; Wan and Julien, 2009), and
large deformation for sticking interfaces (Molinari and
Ravichandran, 2008). Importantly, this prior work enables one to
draw comparisons between the present approach and mixed-mode
delamination frameworks. Previous treatments of peeling that
explore the relative importance of bending and stretching during
peeling are particularly noteworthy; in the present approach,
bending deformation is neglected and the ﬁlm is treated as a mem-
brane. This approximation is motivated here by the fact that it
enables closed-form solutions that yield general insight, and the
fact that it is a clearly valid limit for thin, compliant ﬁlms. That
said, it is worth emphasizing that more sophisticated treatments
that address the inﬂuence of bending at the edge of attachment
are available (Sauer, 2011; Thouless and Yang, 2008), and can be
used to identify limits in which a membrane approximation is
likely to be valid.
2. Overview of the model
Consider a tape completely stuck to a ﬂat, rigid substrate, as
shown in Fig. 1(a). The tape is very thin, and may have been
(A)
(B)
(C)
Fig. 1. Peeling of a tape assuming Dugdale-type interactions with the substrate: (A) the tape is initially stuck everywhere; (B) in single-sided peeling, one end is pulled
upwards: where the gap between the tape and substrate exceeds the critical Dugdale displacement, there is no interaction, while the adhesive tractions are uniform in the
Dugdale zone; and (C) V peeling conﬁguration, wherein the tape is pulled upwards at some point in its interior.
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stretch ratio is K and its axial tension is Ni. If the tape was not
pre-stretched, K = 1 and Ni = 0. If there is any pre-stretch, we
assume that it was achieved in plane strain, so that there was no
stretching orthogonal to the plane of Fig. 1(a). (All deformations
are assumed to be plane strain, with zero stretching orthogonal
to the plane of Fig. 1.) The cross-sectional dimensions of the
unstressed tape are shown in the inset in Fig. 1(a), so that its width
is w and its thickness is h.
We consider two ways in which the tape can be detached from
the substrate. In single-sided peeling, the tape is grasped at one of
its ends and a tension applied parallel to its axis. This tension is
gradually increased, and as this is done, the angle at which it is
applied is gradually heightened until it has reached a chosen value,
termed the peel angle. At this orientation, the applied load is fur-
ther increased until detachment of the tape from the substrate is
initiated. This situation is illustrated in Fig. 1(b). In double-sided
peeling, or V-peeling, a force is applied somewhere in the middle
of the tape and it is pulled upwards, orthogonal to the substrate,
as illustrated in Fig. 1(c). In each case, the applied force is F, the
angle between the substrate and the completely detached tape
segment is hD, and the stretch ratio in the completely detached
tape is kD. In the case of V-peeling, the apex of the V is lifted a
distanceD from the substrate. The axial tension in the tape is taken
to be N, the axial stretch ratio is k, and the angle between the tape
and a line parallel to the substrate surface is h. All three parameters
are functions of position in the tape. We neglect the bending stiff-
ness of the tape, so that there are neither bending moments nor
transverse shear forces within it. As a consequence, the only tape
resultant of concern is the axial tension N.
The tape interacts with the substrate through cohesive tractions
T that depend on the distance between the tape and the substrate.These cohesive tractions, as illustrated in Fig. 2, act in a direction
orthogonal to the substrate and attract the tape to it. The depen-
dence on the distance, y, between the substrate and the tape is
such that the tractions are constant and equal to R if y 6 d, and
are zero if y > d. It is important to note that R is a nominal traction,
giving a force per unit area of the undeformed tape, a condition
that ensures that the adhesion energy,C, per unit area of the unde-
formed tape is the product of the cohesive traction, R, and the crit-
ical interaction distance d, i.e., C = Rd. The graph of the traction, T,
is shown in Fig. 2(b). The associated model is known as a Dugdale
cohesive zone (Dugdale, 1960) and was used by Maugis (1992)
among others to characterize adhesion between two surfaces.
Where the tape is touching the substrate, with y = 0, attractive
and repulsive effects balance, so that T = 0. The segment of the tape
that is subject to the cohesive traction R is termed the cohesive
zone, and a coordinate system, as shown in Fig. 2(a), is used with
its origin at the closed end of the cohesive zone, where y = 0. In
the cohesive zone, the shear traction on the tape is taken to be zero
(i.e., friction free), as is the shear traction where y > d. Where y = 0,
i.e., in tape segments that are fully adhered to the substrate, sliding
of the tape relative to the substrate is forbidden during V-peeling,
but permitted in single-ended peeling.
3. Analysis of the cohesive zone
3.1. General analysis of large deformation
By horizontal equilibrium, the solution for the membrane ten-
sion in the cohesive zone is
N ¼ NA
cosh
ð1Þ
(B)(A)
Fig. 2. (A) Segment of the tape subject to the cohesive traction R. (B) Dugdale law describing traction-separation relationship in the attached regions: the area under the
curve corresponds to the adhesion energy.
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stated as
dðNsinhÞ
dX
¼ Rw
K
ð2Þ
where X is position in the tape before it is lifted off the substrate. By
integration, we obtain
Nsinh ¼ RwX
K
ð3Þ
where the constant of integration is provided by the fact that the
tape in the cohesive zone must be horizontal where it adjoins the
fully adhered segment because the tape cannot support a shear
stress. Use of Eq. (1) then gives us
tanh ¼ RwX
KNA
ð4Þ
From Eq. (4) we obtain
cosh ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ tan2h
p ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ RwXKNA
 2r ð5aÞ
sinh ¼ tanhﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ tan2h
p ¼ RwXKNAﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ RwXKNA
 2r ð5bÞ
and thus from Eqs. (1) and (5a) we get
N ¼ NA
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ tan2h
p
¼ NA
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ RwX
KNA
 2s
ð6Þ
Now differentiate this with respect to arc length, s, along the
deformed tape to obtain
dN
ds
¼
R2w2X
K2NAﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ RwXKNA
 2r dXds ¼ RwsinhK dXdX0
dX0
ds
¼ Rw
k
dy
ds
ð7Þ
where we have used Eq. (5b), the fact that sinh = dy/ds, and X0 is
position in the undeformed tape before any pre-stretching; thus
K ¼ dX
dX0
ð8Þ
and
k ¼ ds
dX0
ð9ÞWe deﬁne a dimensionless membrane tension as
~N ¼ N
Ewh
ð10Þ
where E is Young’s modulus of the tape, and rearrange Eq. (7) to
read
d~y
d~N
¼ k ð11Þ
where
~y ¼ Ry
Eh
ð12Þ
Now rearrange Eq. (6) to give
~X ¼ K
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~N2  ~N2A
q
ð13Þ
where
~X ¼ RX
Eh
ð14Þ
We note that
ds
dX
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dy
dX
 2
þ dx
dX
 2s
ð15aÞ
and observe that the left hand side is equal to k/K as used above.
We further note that Eq. (13) indicates ~X ¼ ~Xð~NÞ and use this to
rewrite Eq. (15a) asﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d~y
d~N
 2
þ d~x
d~N
 2s
¼ k
K
d~X
d~N
¼ k
~Nﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~N2  ~N2A
q ð15bÞ
where we have differentiated Eq. (13) to complete the result. We
then make use of Eq. (11) and rearrange the result to give a
differential equation for ~x as
d~x
d~N
¼ k
~NAﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~N2  ~N2A
q ð16Þ
Finally, the tangent of the angle h can be obtained from Eqs. (4)
and (13) as
tanh ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~N
~NA
 !2
 1
vuut ð17Þ
a result that can also be obtained directly from Eqs. (1) and (5a).
We note that Eqs. (11), (13), and (16) are governing equations
for the deformed position of the tape and its relationship to the
P. Gialamas et al. / International Journal of Solids and Structures 51 (2014) 3003–3011 3007conﬁguration before peeling; they can, in principle, be solved if we
can determine the functional dependence of k on ~N. However, it is
generally difﬁcult to obtain this functional dependence except in
the case of inﬁnitesimal strain. In view of this, we proceed to
consider the special case of neo-Hookean elasticity for the tape,
as the simplest model available that accounts for ﬁnite strains.
3.2. Application of the model to a neo-Hookean solid
We consider an incompressible neo-Hookean elastic solid, so
that the principal nominal or 1st Piola–Kirchhoff stresses, ti, i = 1,
2, 3, are given by Ogden (1997)
ti ¼ Eki3 þ
rH
ki
ð18Þ
where ki are the principal stretch ratios and rH is a Lagrange
multiplier acting to enforce incompressibility, such that
k1k2k3 ¼ 1 ð19Þ
We take k1 to be axial in the tape and k3 = 1 to enforce plane
strain conditions across the tape width. As a result, the through
thickness stretch ratio is
k2 ¼ 1k1 ð20Þ
and since the through thickness stress, t2, is zero, we obtain from
(18)
~N ¼ 1
3
k 1
k3
 
ð21Þ
This allows us to recast Eqs. (13), (11), and (16) as
RX
KEh
¼ 1
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k 1
k3
 2
 kA  1
k3A
 !2vuut ð22Þ
R
Eh
dy
dk
¼ k d
~N
dk
¼ 1
3
kþ 3
k3
 
ð23Þ
R
Eh
dx
dk
¼
kA  1k3A
 
kþ 3
k3
 
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k 1
k3
 2
 kA  1k3A
 2s ð24Þ
We note that Eq. (23) can be integrated to give
Ry
Eh
¼ 1
6
k2  3
k2
 k2A þ
3
k2A
 !
ð25Þ
and Eq. (24) provides
Rx
Eh
¼ 1
3
kA  1
k3A
 !Z k
kA
nþ 3
n3
 
dnﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n 1
n3
 2
 kA  1k3A
 2s ð26Þ
Two other useful results are
N
Ewh
¼ 1
3
k 1
k3
 
ð27Þ
and
tanh ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k 1
k3
kA  1k3A
0
@
1
A
2
 1
vuuut ð28Þ
At the end of the cohesive zone, where y = d, X = B and x = b, Eqs.
(22) and (25)–(28) provideRB
KEh
¼ 1
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kD  1
k3D
 !2
 kA  1
k3A
 !2vuut ð29Þ
C
Eh
¼ Rd
Eh
¼ 1
6
k2D 
3
k2D
 k2A þ
3
k2A
 !
ð30Þ
Rb
Eh
¼ 1
3
kA  1
k3A
 !Z kD
kA
nþ 3
n3
 
dnﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n 1
n3
 2
 kA  1k3A
 2s ð31Þ
ND
Ewh
¼ 1
3
kD  1
k3D
 !
ð32Þ
tanhD ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kD  1k3D
kA  1k3A
0
@
1
A
2
 1
vuuut ð33Þ
We note that Eq. (30) can be solved for kA to give us
k2A ¼
1
2
k2D 
3
k2D
 6C
Eh
 !
þ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2D 
3
k2D
 6C
Eh
 !2
þ 12
vuut ð34Þ4. Analysis of single-sided peeling
Single-sided peeling is illustrated in Fig. 1(b). We neglect the
process in which the load is raised from zero (or raised or lowered
from the level of tension associated with any pre-stretch), and in
which the end of the tape is rotated upwards away from the
substrate. Instead, we consider the situation in which the end of
the tape has been rotated to its ﬁnal orientation, and when the dis-
tance between the end of the tape and the substrate is greater than
d. The cohesive zone then occupies 0 6 x 6 b with the end of the
tape that is being pulled located at a position x = xe such that
xe > b. The tension in the tape at x = b, where y = d, is then ND as
given by Eq. (32). This is also the peel force, F:
F
Ewh
¼ 1
3
kD  1
k3D
 !
ð35Þ
We compute this by choosing a value of kD and inserting that
into Eq. (35). For a given value of the parameter C/Eh, we use the
same value of kD in Eq. (34) to compute kA and then use both kA
and kD to compute the peel angle hD from Eq. (33). For each value
of C/Eh the peel force, F, is then plotted in Fig. 3 versus the peel
angle hD, with Fig. 3 showing results for F/Ewh up to 3. We observe
that the results computed from Eq. (35) and plotted in Fig. 3 are
independent of the pre-stretch of the tape and any associated
pre-tension.
We note that the results in Fig. 3 are valid for the plane strain
peeling of a neo-Hookean tape for which the bending stiffness
can be neglected, and which has a friction free cohesive interaction
with the substrate of the Dugdale type. For low peeling angles, the
necessary force to separate the tape from the substrate is very high
and diverges to 1 as the peel angle falls to zero. This behavior is
consistent with the very large cohesive zones that will prevail in
this limit. Furthermore, for low peel angles the results in Fig. 3 will
be valid despite the neglect of bending stiffness in the tape,
because in such circumstances little bending of the tape will occur.
For low adhesion energy and peel angles approaching p/2, the peel
force, F, is accurately given by Cw, a result that is consistent with
Kendall’s prediction (Kendall, 1975). This consistency arises
0 π/8 π/4 3π/8 π/2
0.0
0.5
1.0
1.5
2.0
2.5
3.0
Peel angle, θD
Pe
el
 fo
rc
e,
 F
/(E
w
h)
Γ/(Eh)  = 1
0.1
0.01 0.001
0o 20o 40o 60o 80o
Fig. 3. Singled sided peeling: peel force as a function of peel angle for various values
of the adhesion energy. The peel force per unit width asymptotes to the adhesion
energy for deformed peel angles of 90, while it is substantially larger than the
adhesion energy for lower angles at all levels of adhesion energy.
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However, at higher adhesion energies the ﬁnite deformation of
the tape inﬂuences the relationship between the peel force and
the adhesion energy so that F– Cw when the peel angle is p/2.
For this reason, the result plotted in Fig. 3 for C/(Eh) = 1 does not
pass through the ordinate at unity when the peel angle is p/2.
We note that for the results in Fig. 3 we have not speciﬁed
whether sliding of the fully adhered segment of the tape does or
does not occur. Its presence or absence will not inﬂuence the rela-
tionship between the peel force, the peel angle, the adhesion
energy, the tape Young’s modulus and thickness as given by
Fig. 3. If sliding is explicitly permitted in the fully adhered segment
of tape, its extent will be determined by the friction law and the
magnitude of the membrane tension applied to it, namely
NA = FcoshD. Such sliding will dissipate energy, with such work
being done by the horizontal component of F, i.e., NA = FcoshD, but
the dissipation of energy will not affect the adhesion of the tape
to the substrate or the peel force required to separate the tape from
the substrate. In this regard, it is interesting to note that the energy
released by peeling per unit substrate area according to Kendall
(1971, 1975) is
G ¼ F
w
ðkD  coshDÞ ¼ hwðkDÞ ð36Þ
where w(kD) is the free energy per unit volume in the completely
detached segment of the tape and we have modiﬁed the result
slightly to account for ﬁnite strain. For an incompressible neo-
Hookean tape subject to plane strain, the free energy is given by
wðkÞ ¼ E
6
k2 þ 1
k2
 2
 
ð37Þ
and we note that
coshD ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ tan2hD
p ¼ kA  1k3A
kD  1k3D
ð38Þ
On the other hand, a result for the energy release rate allowing
for sliding is (Begley et al., 2013):
G ¼ F
w
ðkD  kAcoshDÞ þ h½wðkAÞ  wðkDÞ ð39Þobtained when the adhered tape is explicitly permitted to slide
subject to friction, and the computed energy released according to
Eq. (39) excludes that dissipated in such frictional sliding. That is,
the energy released according to Eq. (39) is only that made available
to overcome adhesion of the tape to the substrate and not the
dissipated work absorbed by sliding.
When we set G =C in Eq. (39) and use it along with Eq. (34),
(35), (37), and (38) to predict the peel force, we ﬁnd that there is
exact agreement with the results in Fig. 3. (That is, the present
analysis of a cohesive zone recovers the previous result from
Begley et al. (2013) for energy release rate as given in Eq. (39).)
The implication is that the difference between the ﬁnite strain
Kendall result (Eq. (36)) and the present model (Eq. (39)) is the
contribution to energy released provided by the component of
applied force parallel to the substrate. When frictional sliding is
explicitly permitted, the fate of this energy is easy to rationalize;
it is dissipated against such sliding.
If the adhered tape is explicitly denoted as non-sliding relative
to the substrate, the work done by the component of force parallel
to the substrate is released during peeling in the process of trans-
lation of the boundary between the non-sliding and the freely slid-
ing segments of the tape. This phenomenon is analogous to the
release of energy as a singularity of stress translates through the
material as in fracture mechanics (Anderson, 1991). In our reduced
model allowing only membrane behavior in the tape, a singularity
of shear stress does not appear explicitly in the solution, and the
equivalent role is played by the transition from non-sliding to
freely sliding conditions across a line boundary as peeling pro-
ceeds. What is the fate of this energy? Although sliding of the stuck
tape is not explicitly permitted, it is our deduction that it is being
implicitly allowed, and the work done by the component of applied
force parallel to the substrate is implicitly dissipated in frictional or
plastic work in such sliding. An important point is that in our cohe-
sive model, this work does not contribute to the driving force for
peeling.
An alternative way to contextualize the present approach in
light of the Kendall model is to attribute the difference in energy
release rate between Eqs. (36) and (39) for a ﬁxed critical peel force
to a mixed-mode fracture toughness (Begley et al., 2013). This
exercise yields a theoretical mixed-mode fracture toughness that
is based on the assumption that forces parallel to the substrate
dissipate energy via sliding. The resulting mode-dependence of
the interface toughness agrees closely with common empirical
expressions used in previous thin ﬁlm delamination frameworks
(Begley et al., 2013).5. Analysis of V-peeling
The conﬁguration for V-peeling is illustrated in Fig. 1(c). Two
regimes prevail. When D 6 d, everywhere under the V is within
the cohesive zone, whereas when D > d the cohesive zones will
be of limited extent and some of the Vwill be completely detached
from the substrate. The latter situation is the one illustrated in
Fig. 1(c). In all cases of V-peeling, we forbid sliding of the fully
adhered tape, i.e., in the segments where y = 0.
5.1. Initial V-peeling with D 6 d
We note that the vertical component of the membrane tension
in the tape in the cohesive zone is found by combining Eqs. (3) and
(22) to obtain
N
Ewh
sinh ¼ RX
KEh
¼ 1
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k 1
k3
 2
 kA  1
k3A
 !2vuut ð40Þ
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substrate is still in the cohesive zone in this case, Eq. (40) applies
everywhere there, including at the apex of the V. We now take k
to be the stretch ratio in the tape at the apex of the V and by
accounting for the contribution of both legs of the V, obtain the
applied load as
F
Ewh
¼ 2
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k 1
k3
 2
 kA  1
k3A
 !2vuut ð41Þ
Since the apex of the V is vertically above the point on the
substrate to which it was originally attached, and because the tape
at x = 0 has not been allowed to slide, we deduce the compatibility
condition
xðkÞ ¼ XðkÞ ð42Þ
so that we can equate values obtained from Eqs. (22) and (26). This
leads to
F
Ewh
¼ 2
3K
kA  1
k3A
 !Z k
kA
nþ 3
n3
 
dnﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n 1
n3
 2
 kA  1k3A
 2s ð43Þ
with both this equation and Eq. (41) providing the value for the
applied load. The load point displacement is provided by the result
in Eq. (25) and is thus given by
RD
Eh
¼ 1
6
k2  3
k2
 k2A þ
3
k2A
 !
ð44Þ
We use these results in the following way: we choose values for
kA commencing with K and rising. For a given value of kA, we ﬁnd
the value of k that gives agreement from Eqs. (41) and (43), thereby
giving us the applied load. We then insert this value of k into
Eq. (44) to obtain the load-point displacement. We have plotted
such results in Fig. 4 as a load–displacement curve, providing the
graph only for the case in which K = 1, i.e., no pre-stretch of theFig. 4. V peeling: the peel force as a function of applied displacement assuming
zero pre-strain, starting from a completely attached conﬁguration and assuming the
displacements are less than the critical value corresponding to rupture of the
cohesive zone. The inset depicts the behavior at small loads/displacements, and
illustrates that the results are non-linear over the entire range.tape. Fig. 4 gives results for RD/Eh up to approximately 300, such
that F/Ewh rises as far as 28, while the inset is a magniﬁed plot for
RD/Eh 6 0.01, with F/Ewh up to 0.07.
We note that the result in Fig. 4 gives twice the component of
applied force orthogonal to the substrate in single sided peeling
when a completely stuck tape is lifted by its end to commence
peeling. Though we have not done so, the peel force parallel to
the tape at this stage in single-sided peeling may be computed
from Eq. (21).
5.2. Subsequent V-peeling with D > d
In this situation Eqs. (29)–(34) and (38) are valid and can be uti-
lized. In addition, Eq. (40) provides the applied load
F
Ewh
¼ 2NDsinhD
Ewh
¼ 2
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kD  1
k3D
 !2
 kA  1
k3A
 !2vuut ð45Þ
As before, the tape at x = 0 is not permitted to slip and the apex
of the V is directly above the point on the substrate to which it was
originally attached. Let this position be x = X = L. The point on the
tape currently at x = b (i.e., at the open end of the cohesive zone)
was at X = B before peeling commenced. Thus a tape segment that
had length L  B before peeling commenced is not subject to cohe-
sion, and therefore is straight in the current conﬁguration, has a
uniform stretch kD and is oriented at an angle hD. In the current
conﬁguration, this segment of tape occupies b 6 x 6 L, d 6 y 6D.
Compatibility then requires that
kD
K
ðL BÞcoshD ¼ L b ð46aÞ
and
kD
K
ðL BÞsinhD ¼ D d ð46bÞ
We eliminate L from these equations to yield
D ¼ dþ ðb BÞkDsinhD
K kDcoshD ð46cÞ
or
RD
Eh
¼ C
Eh
þ
Rb
Eh  KF2Ewh
 
kDsinhD
K kDcoshD ð47Þ
where we have replaced B by the load transmitted through the
cohesive zone, expressed by the result
RB
Eh
¼ KF
2Ewh
ð48Þ
Eq. (47) is a parametric representation of the load–deﬂection
curve for the tape after it has developed a segment free of adhesion
to the substrate.
We solve Eq. (47) commencing from the results in Fig. 4 as the
starting point. That is, the value ofRD/Eh on the abscissa of Fig. 4 is
the starting point for the displacement in the peeling that occurs
after adhesive separation has commenced, and the load at this
stage is given by the corresponding value of the force on the
ordinate from Fig. 4. However, in addition, the value of RD/Eh at
the starting point of the solution is also the value of C/Eh for the
subsequent computation as D ¼ d when separation beyond the
adhesive range ﬁrst commences. This value of C/Eh is then used
in Eq. (34) to compute kA as kD is increased, with the results used
in Eqs. (31), (45), and (47) to compute the load deﬂection curve
after detachment has commenced with D > d. The results are
shown in Fig. 5, along with the curve already shown in Fig. 4 for
initial peeling that forms the load–deﬂection curve when D < d.
A B
Fig. 5. V peeling: the peel force as a function of applied displacement assuming zero pre-strain, starting from a completely attached conﬁguration and accounting for rupture
of the cohesive zone. (A) The Dugdale zone ﬁrst begins to rupture when D ¼ d ¼ C=R, i.e., when RDEh ¼ CEh. The solid line, repeated from Fig. 4, is the load–displacement curve for
a cohesive zone that has not ruptured. The continuation of the load displacement curve after cohesive rupture is shown as a dashed line, and the conﬁguration is as shown in
Fig. 1C. (B) After the onset of failure of the Dugdale zone, the peel force quickly asymptotes to the results for steady-state peeling.
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a steady state solution in which all parameters, other than L and D
remain constant, while those 2 values increase in concert with
each other. To explore such a situation, we ﬁrst non-dimensional-
ize Eq. (46) and rearrange its terms to obtain
kD
K
coshD  1
 
RL
Eh
¼ kDF
2Ewh
coshD  RbEh ð49aÞ
RD
Eh
¼ C
Eh
þ kD
K
RL
Eh
 KF
2Ewh
 
sinhD ð49bÞ
The 2nd of these is simply an expression for the load-point dis-
placement, D, in terms of other parameters, including the length, L,
of the detached segments; thus it is consistent with a steady state
solution and can be used to compute D once the other parameters
are evaluated. In contrast, Eq. (49a) is only consistent with a steady
state solution if the right hand side and the left hand side are both
zero, because the right hand side is stationary in a steady state
solution whereas the left hand side, were it not zero, would grow
as L increases. The right hand side thus becomes an equation from
which b may be evaluated, and the left hand side leads us to con-
clude that
kD
K
coshD ¼ 1 ð50Þ
The latter result sheds light on why Eq. (47) presents difﬁculties
as the asymptotic steady state is approached, as it indicates that in
steady state the denominator on the right hand side of Eq. (47) is
zero, rendering the equation singular.A B
Fig. 6. V peeling: the steady-state peel force as a function of adhesion energy, for variou
log–log scale (B). The log–log scale demonstrates that pre-stretch promotes attachmentEq. (50) is thus the condition that determines the existence of a
steady state result. Combination of Eqs. (38) and (50) provides us
with
kA  1
k3A
¼ K 1 1
k4D
 !
ð51Þ
Since Eq. (34) allows us to evaluate kA in terms of kD and C/Eh,
Eq. (51) is a condition to be satisﬁed by kD, given values ofC/Eh and
K. Thus we solve Eq. (51) (with use of Eq. (34)) to obtain the value
of kD and then use Eq. (45) to evaluate the steady state force for V-
peeling. The results are plotted in Fig. 6 versusC/Eh for various val-
ues of K.6. Closing remarks
We have provided an analysis of the peeling of a tape from a
substrate when the starting conﬁguration involves the entire
length of the tape being in the adhered state. Such a condition
for a tape is obviously important as many are used in a condition
where there is complete adhesion at the outset. Our results there-
fore offer insight into the response when a completely adhered
tape is detached from the substrate, and the results of our model
can be compared to experimental data for such a process to vali-
date or contradict our analysis or to provide enhanced illumination
of the experimental data and our model. We note that there are
other settings where our results can be useful in providing insight,
such as situations in nature where a part of an animal or plant is
completely adhered to something and it is to be detached; thes values of pre-stretch (prior to tape attachment), shown on a linear scale (A) and a
for low adhesion energies.
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to those that occur in the natural setting, such as under a mussel
byssal foot (Waite et al., 2005).
To enable our analysis we introduced a cohesive zone in which
there is action at a distance between the tape and the underlying
substrate, attracting the tape to it if the distance between is less
than an interaction spacing. Our model is rather simple, involving
a constant and uniform traction if the distance from the tape to the
substrate is less than the interaction spacing, a model known as a
Dugdale zone. For compliant materials such as a tape made from
PDMS or a soft elastomer this cohesion model is likely to be suit-
able as an approximation to more complex interactions such as a
van der Waals attraction or a force-distance law characterized by
a Lennard–Jones potential or something similar. In such a situation
the deformations of the compliant tape will be dominant over the
ﬁner details of behavior controlled by the cohesion law, and there-
fore a Dugdale model is probably capable of capturing the most
important phenomena occurring when a tape is detached from a
substrate. In contrast, for a stiff material such as graphene in thin
sheets it is likely that the exact shape of the force-distance curve
for the interaction law will be important and thus the results from
the Dugdale model should be regarded as only providing broad
guidance to what may happen when the stiff membrane is
detached from a substrate. In future work we hope to address this
point in further analysis of stiff materials such as graphene
adhered to a substrate.
In our analysis we have used a membrane model for the elastic-
ity of the tape to the neglect of the tape’s bending stiffness. Such a
model is valid for extremely thin tapes, since bending stiffness is
proportional to the cube of the tape thickness. In the limit of a
sheet that is one atom thick, as in the case of monolayer graphene,
the membrane model is known to be very good for the resulting
elasticity. For thicker sheets the accuracy of the membrane model
will degrade as the bending stiffness becomes more important,
though it is not known when the membrane model becomes
untenable for problems such as the one that we have tackled. To
address this, in the future we hope to tackle adhesion of a tape
with a ﬁnite bending stiffness. However, we observe that such an
analysis will still lack in some ways, in particular regarding the
details of the deformation around the edge of the detachment,
where averaging through the thickness of the tape, as in both
membrane and ﬂexural analysis, is a poor representation of the
true mechanics of this singular region. Nevertheless, we believe
that our membrane analysis, and any ﬂexural analysis that follows
up on it, even utilizing a Dugdale cohesion model, provides insight
and a relevant quantiﬁcation of a tape’s response when it is being
detached from a substrate to which it was previously entirely
attached.
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